Trig - Identities e
Relationships
SPTA Mathematics - Topic Questions with Notes (G

Formula. These formulae are not given on the National 5 Mathematics exam paper.
mnx

. 32 2
tan x = sin” x+cos x=1

COs X

We use trigonometric identities to simplify more complex expressions. A question would
normally ask you to “Prove that...” a fact about sin. cos or tan 1s true or to “simplify™ an
expression involving sin. cos or tan.

There are not really any set rules for how to do these questions — instead you have to use your
mathematical ability to choose the correct rules of algebra to find the answer. However the
following tips are a good starting point:

Tipl-c¢  ever “do stuff” to the more complicated expression (often the one on the left-
hand side). Leave the simpler expression alone.

Tip 2 — you only get marks for knowing and using the two formulae in the grey box above.
So a good bat of advice 1s to look at the more complicated expression. and:
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a) If you see * tan x * on the left hand side. replace it with

CoOs X

b) If you see * i
COs X

" on the left hand side. replace it with tan x

¢) Ifyousee ‘1’ on the left hand side. replace it with sin” x + cos” x

d) Ifyou see ‘sin’ x +cos’ x * on the left hand side. replace it with 1

Example 1

l1-cos’x 1
Prove that ———— ==
3sin” x 3

Solution
Using Tip 1: The left-hand side 1s more complicated. and the right-hand side 13

. : . . ., 1—cos’x
simpler. This means that we will “do stuff” to the left-hand side o
Jsin” x
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Using Tip 2: Using tip 2¢ above. we replace “1” with smn” x + cos” x:

n . 3 3 2
l—cos™ x _ SN X+ CO0s X —C0s X

N | . g ]
3sin” x 3sin” x

We can now do some simplifying

. B g - v 1
SiN” X +eos x;.eo‘é'y} sim” X “x 1 .
= = =— . which 1s what we wanted

3sin” x  3sin’ x 3}3‘[)";

Example 2
Simplify Ssin’ x + Scos’ x

Solution
Tip 1 1sn’t relevant here as there 15 only one expression.
Using Tip 2. none of those four expressions appear on the left-hand side exactly.
However if we spot there 1s a common factor of 5 and factorise it first, we can use tip

2d:
5sin” x+ Scos” x=5(sin” x +cos” x)
=5(1) . Answer: 5
=5
Exercise 1
1. Simplify
a) 3cos’x+3sin’  (b) 1-cos’ (c) cosAtan A
d)  5-5sin’B° (@ 2sina ()~ Amnx
4cosa’ 2 cos x°
(1-sin? x) h 8 —8cos’ x : 3sin xcosx
e _— I -
9 2.C0S X ) 2sin x ® 6 tan x
), 4sin?A + 3 cos?A - 3 (k)  4cos’B—2sin’B + 2

)] (cos X + sin X)? — 2 sin Xcosx (m) tan?a(l - sina)



Prove that

a)  2cos’A+ 3sin?A =3 — cos?A (b) 1 +tanx=—F—
tan x sin xcos x

c) (2 cosB + 3 sin B)? + (3cos B — 2 sin B)? =13

2
d) (1 + sin x)(1 — sin x) = cos?x (e) sin Atanf= 1-cos 0
cosé
Consider the diagram opposite :
a) Write down the exact values of .....
sinx®, cosx® and tanx® . 2 .
b)  Provethat sin?x° + cos?*x° = 1 . X
c) Show that smxo = tanx® .
COS X
a) If cosa® = % , find the exact values of sina® and tan a° where 0<a<90.
b) Provethat cos’a® = 1 — sin?a’.
., o
c)  Show that % = tan’a’ .
Cos” a

d)  Showthat 2(3sina® + 4cosa®) = 4.5 .



Prove that
a) 3cos’a + 3sina = 3
b) (cosx + sinx)®> = 1 + 2sinxcosx

C) (cosx+sinx)(cosx—sinx) = 2cos’x — 1

sinx COSX 1

d) + = = —
COS X sin x cosxsin x

e) tan’p — tan’psin®p = sin®p

f) cos*x — sin*x = 2cos’x — 1

0) 3sin’6® + 2cos*@® = 2 + sin’d

29

Show that  (2cosx+5sinx)® + (5cosx—2sinx)?

Giventhat p = cosd + sind and g = coséd — sin@ , prove that :

a) pq = 2cos’d — 1 (b) sin’0 = %(1 - pq)



Answers

Exercise 1
2 2y — — . 9 sin A .
1. a) 3(cosxx+sinx)=3x1=3 (b)  sin (c)  cosAx =sin A
C
. L
d)  5(1-sin’B) =5 cos’B (e) 4sin ao _NA g
4cosa cosa°
sin x°
) 4tan x° _2tanx® _ "cosxe _ ) sin x° y 1 2sinx°
2cosX°  cosx° COS X COSX° COSX°  COS’ X
1—sin? x 2 X X - 2y 1—cos’ X in? x .
9) @-s ): cos”x _ cos (h) 8 8_cos :8( c_;os ):83_ _ 4sin x
2 C0S X 2 CO0S X 2 2sin X 2sin X 2sin X
) 3sin xcosx  3sin xcos X . COSX  €0s% X
) = ; =3siN XCOSX X ——— =
6tan x 6 sSin X 6sin X 2
COS X

i) 4sin?A + 3 cos?A — 3 = 3(sin > A+cos® A)+sin* A—3=3+sin’* A—3=sin* A

K) 4 c0s°B — 2sin’B + 2 = 4c0s® B—2(1—cos® B) +2=4cos’ B—2+cos*B—2=6co0s* B

)] (cos X + sin x)? — 2 sin XCOsX = C0s? X + 2€0s Xsin X +sin * X — 2sin XCos X = cos” X +sin > x =1
sin® o
cos’ o

m)  tan%a(l - sin%a) = xC0s’ a =sin’ «

2. a)  3(cos?A +sin?A) —cos’A = 3(1) - cos?’A =3 - cos?A
1 cosx sinx cos® x+sin?x 1
b) ——+tanx=—-+ =— =—
tan x SIn X COSX SIn XCOS X SIN XCOS X

c) (2 cosB + 3 sin B)? + (3cos B — 2 sin B)? =
4cos”* B+12cosBsin B +9sin? B+9cos” B—-12cosBsin B +4sin’ B
= 13cos’ B+13sin > B =13(cos’ B+sin > B) =13

d) (1 +sinx)(1—sinx) =1-sin®x= cos?x

sin@ sin?¢ _ 1-cos” 0

cosd cosé®  cosé

e) sin @.tand =sin O x



d)

f)

sinx® == : cosx —ﬁ'tanx"—i
) 2! /\/§'
sin?x° + cos*x° = (l)2+(£)2_1+§:1 .
2 4
) 1
SinXx :Lzlxiz =tan X
COSX ﬁ J3 3
2
sin a —i' tan a°=2
\/g’
1, 1 2 ., 4 1
cos“ a —)'==:1 - (—=)"=1-—===c05"X
(JE) 5 (JE) 5 5
(2) 4
V5 =§=ﬂx§:4, tan’a° =22=4
(L)Z 1l 51
J5 5
20 5 205 _ 45

2[3(\/—)+4(\/—)] 2(\/— \/—) ZXF 5

3cos’a + 3sina = 3(cos’a-+sin?a)=3
(cosx + sinx)* =cos’X+2sinxcosx+sin®x= 1 + 2sinXcosx

(cosx+sin x)(cosx —sin X) = cos® X —sin? x=cos* X — (1—cos® X)

=C0s*> X—1+c0s®> Xx—2c0s* Xx—1

sinx cosx _ sin®x+cos’ X _ 1
COSX sinx cosXsinx COSXsinx
sin® p
tan? p—tan® psin® p=tan’® p(1-sin® p) = xC0S* p=sin® p
cos’ p

cos’ x—sin“ x = (cos® x—sin? x)(cos” X +sin? x)

=c0s* X —(1—c0s® X) =c0s* Xx—1+¢c0s* X =2c0s* X —1



4)] 3sin® @ +2cos® @ = 2(sin? @ +cos’ #) +sin* @ =2 +sin’* &

1 _sina+c05a_sin2a+cosza_ 1

h) tana + = : . .
tana cosa Ssina sina CoSa sinxcosa

(2cosx+5sinx)* + (5cosx—2sinx)?
=4c0s? X+ 20sin XCosX + 25sin? X + 25¢0s? X — 20sin Xcos X + 4sin? X

= 29c0s’ X +29sin’® x = 29(cos* x +sin® x) = 29

pq = (cosé+sin H)(cosd—sin &) =cos* & —sin® O
=c0s’ 0 —(1—cos* @) =2cos’ 0 — 1

b) %( 1- pg)= %[1—(2cos2 0-1)]= %(Z—ZCOSZ 0) =1-cos’0=sin*09



