Algebraic Fractions

Expressions & Formulae
SPTA Mathematics - Topic Questions with Notes
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Simplifving Algebraic Fractions

You can simplify a fraction when there 1s a common factor (number or letter) on the top and
on the bottom
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Exercise 1
1. Express these fractions in their simplest form:
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A factor may also be an enfire bracket. In this case you can cancel the entire bracket if the

entire bracket 1s identical on the top and the bottom. In National 5 assessments, questions
will be of this form.

Example 1

Solution

(a)

Simplify the fractions (a) (a+35)@-1)
(a—1)a+2)
(a+5)a-1) (b)
(a-1la+2)

B (a+5)N
 a=D(a+2)

a+5s
a+2

(b)

(x+3)(x-12)

(x—2)°

(x+3)(x-2)

(x—2)°

_(x+3)£;,rr‘jﬁ
_(.r—E)M

x+3

x—2

Important: neither of these answers can be cancelled any further as the remaining brackets
are different. You cannot cancel the a or the x, as they are not common factors.

In exam questions, 1f you are asked to simplify, you will need to factorise first and then cancel

brackets.

Example 2
SHHPHﬁ'tij:

Solution

v —1 is a difference of two squares (see page 16), which factorises to be
(v+D(v-1):
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Example 3
2a' +a-1
Write — in its simplest form
2a° +5a-3

Solution
Factorising both lines gives:
2a° +a-1 (a-1(a+1)
20 +5a-3 (2a—1a+3)
_ _Qﬁl":ﬂ{ﬂ +1) _a+l
© Qa=<T(a+3) a+3

Exercise 2

1. Simplify by first finding the common factor:

3a+6b 4x +12 3a+a?
a) (b) Y © (d)
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Xy + x° 3ab + 6b? 25b% +15b°
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8+16p 6ac + 3ad 12n-3

Xy + Yy’
2y

14p +10q

2s

5¢

10ac + 15bc

15x? + 6xy

10x + 4y



Simplify the following by first factorising the numerator and/or denominator:

b> -4 x* —81 a’—-25 y? —36
a b c d
@ O S © s @ T
c?—49 a’-64 21 29
(e) ) @ hy 3
2c—-14 2a+16 5p-5 3q+9
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3a+3b 9X — 5y 2m+6 12d — 48
X? +3x+2 p-1 ax —5a a’ -1
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b?>+6p—9 c’+2c-15 3x? +5x -2
Q) — g (r) ot (s) —
2+6y+8 2_4p-5 c?+4c-32
y +y-12 p-+2p+1 c°+c—-56
W) 2x% +13x+6 ) 6a’—-13a-5 ) 10b* -33p-7
Xx* +9x+18 3a’-1la—4 10b? —37b +7

Multiplyving and Dividing Algebraic Fractions

We multiply and divide fractions in the same way as we do for numerical fractions (shown on
page 81). Multiplying fractions is a straightforward procedure — you multiply the tops and
multiply the bottoms.
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eg.

It 15 easiest to cancel before you mmltiply. You are allowed to cancel anything from the top
row with anything from the bottom row.

Example 1
2
10
Write a single fraction in its simplest form: ;—bx— a,b=0
5 i}
Solution
)7/ a 2 2a 2a
Cancelling gives: . Answer: —

}5/ A 31 3



To divide two fractions, you:
1. fhp the second fraction upside down
2 and change the sum to be a multiply sum:

21 X a X X X
e —_—— = — = — —_—— = — =
N 5 10 y x y a a
Example 2
. : L 6D 3ab
Write as a single fraction in its simplest form: —+——, a,x,y#0
ay X
Solution
Flip the second fraction upside down and multiply: the ‘new’ sum becomes sb % %
ay 2da
’g ’E{ x> (cancelling common factors)
ay /’1]/ al
2 x
R, .,
a a
2 . L
= 1x (multiplying the tops, and multiplying the bottoms)

ay




Exercise 3

1. Express each product as a fraction in its simplest form
X X y 'y a b P g
a —x= b Zx= C —X= d —x=
@ 37% ®) 5 © 33 @ 373
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2. Express as a single fraction:
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a —+ b — = C — =
) 4 2 (b) 2 2 © 5 2
10 5 3 6 t ot
2 4 3 9 . 4 2
— h - — I —_—
9 e OREEST W) o+
: 3 12 24xy 20X 69> 9
Dot I I
X X 35z 21z 25p 20p
8ab 9b 10m  8mn 20ax  15x
L) B VIR () - (0) +

21c  l4ac 2In®> 9 33y  44ay?



Adding and Subtracting Algebraic Fractions

You can only add and subtract fractions when the denonunators are the same. When they are
not the same, we have to change the fractions into another fraction that is the same.

A C
A quick method for doing this, and the one used in these notes, 1s known as x

the ‘kiss and smile’ method because of the shape formed when you draw
lines between the terms you are combining:

p —
a C 143 : 17 . -
— 4 — Step One (the “smile™) — Multiply the fwo bottom
numbers together to get the “new” denomuinator,
b d bd which will be the same for each fraction.
-
Step 2a (the first part of the “kiss™)
a_ ¢ ad
\ — Multiply diagonally the top left and bottom right
b “d ferms
Step 2b (the final part of the “kiss™)
a ¢ bc
_/ — — Multiply diagonally the top right and bottom left
b d terms
dep¢ ad+bc g .
b d o b d Insert the add (or take away) sign between the two

terms on the top row to get the final answer



Example 1
Add, giving vour answer as a single fraction in its simplest form:

m 3

—+—, m=0
5 m
Solution m 3 E + 3 —
Step one (smile) ; = 5 m Sm
m
m ) 1s
Step two (kiss) _x_ _m
5 " m Sm
P +15
Final answer: m
Sm

Taking away works 1n exactly the same way as adding. The only difference 1s that the final
answer has a take away sign 1 place of the add sign.

Example 2
Take away, giving vour answer as a single fraction in its simplest form:
4a 3D
— - x=0
5 x
Solution
4a 3b :
2o (smile) da, J3b
5 x 5x
4ax —15b .
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Exercise 4

1. Express each sum as a fraction in its simplest form:
a 2b b 3X X
a — b —+— C —+=
) 5 (b) 5 10 © 4 8
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m c d
4 2 9 5 3
— r —+ — S —+—
D 3a S 3a 3b ©) 4m 2n
1 5 3 4
U) g (V) X—2+— (W) %-Fb—z
2. Express each difference as a fraction in its simplest form:
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When a fraction has more than one term on the top or bottom (e.g. x + 2 rather than just x or
2), you need to introduce brackets (1.e. x + 2 becomes (x+2) ). You then perform kiss and

smile, thinking of the bracket as a smgle object.

Example 3 — brackets
Add, giving vour answer as a single fraction in its simplest form:

X 3
+ s X #F —2, x4
x+2 x-—4
Solution
x | 3 _x 3
2 x-a () @9 VL.
- (smile)
(x+2x-4) .1'+2 x_4
_x(x—4)+3(x+2) (kiss)
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X —x+6 _ o _
N implifying top 1
GidGoa  |oumphiymgtoplne)

We didn’t multiply out the bottom line because the bottom line was already 1n its simplest
possible form. However we could have multiplied it out if we chose to.

Exercise 5

1. Simplify the following:

a) x+2+x+3 (b) a+6+a—2 ©) d—3_d+2
3 6 4 3 2 6

2a—-1 a+2 a+3b a-2b 2U0+V U—-V

9 4 5 ©) 2 4 0 3 4
2 3 4 5 . 7 4

e h L T i [ T

9) x+3+x+2 (h) x+5+x+1 (1) X—3 X+2
. 2 3 1 5 2 3

D= v n -

X+4 XxX-3 X—-3 X-=-2 X-5 x-4



Mixed Exercise

1. Write as a single fraction in its simplest form
2
2. Simplify this fraction 2 —>**3
4x° -9
2
3. Simplify fully the fraction oe — 3
4e -1
o 3 5
4. Simplify ——-———
PHLY X+2 x-1
5. Write as a single fraction in its simplest form:
6. Express as a single fraction in its simplest form:
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Exercise 2
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Exercise 3
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Exercise 4
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Exercise 5

1 a) 3X+7 (b)
6
¢) 3az4b @
. 11x+2 .
) (x=3)(x+2) W

Mixed Exercise

1 9x+8
' X(X + 2)
5 Xx-1
(2x+3)
3 S&
e+1
4 —-2x-13
' (x—D(x+2)
5, X
5
6. X—-15

X(x —=5)

7a+10

o (c)
5u+7v

> ©

—x-18
(x+4)(x—3) (k)

2d -11

5x+13

(x+3)(x+2)

13-4x

(x=3)(x-2)

6a—13
(d) 20
(h) 9x + 29
(Xx+5)(x+1)
7—X
() (x=5)(x—4)



