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Wave Function

SPTA Mathematics - Higher Notes

= A Trig expression in the form acosx® + bsinx® can be written in the form: kcos(x £ a)° or ksin(x = a)°

= You can convert these expressions by following the steps below:

o Expand the expression kcos(x + a)° or ksin(x £ a)° using one of:

» ksin(A + B) = ksin A cos B + kcos Asin B
» Kkcos(A £+ B) = kcos A cos B + ksin Asin B

o Compare with the given expression to write down kcosa® and ksina®

o Use the CAST diagram to find the quadrant for angle a°. <+———

o Use the 2 formulae above to calculate k and «.
o State the expression in the form asked for.

Examples:

1. Write 5cosx + 12sinx in the form kcos(x — a)° where 0 < a < 360°

kcos(x —a)° = kcosxcosa + ksinxsing <—
5cosx + 12sinx
\
so kcoso = 5 and ksing = 12 +—— l
k = VaZ + b? Tana = 224 NN
kcosa S A
k = V5% + 122 Tanazl?2
k =25 + 144 a = tan~12.4 T j
k =+v169 o = 67.38° Hence « is in
st
k=13 15t quadrant

So 5cosx + 12sinx = 13cos(x —67.38)° <—




2. Write 5sinx — 3cosx in the form ksin(x - &) where 0 < a <2=n

ksin(x—a) = ksinxcosa — kcosxsina
5sinx — 3cosx

so kcosa = 5 and ksina = 3

Vo
k =52 4 32 Tana = > S A
k=+v25+9 a=tan‘1§ T | C
\/
k =+/34 o = 30.96° Hence a is in
o = 0540 1% quadrant
So 5sinx — 3cosx = /34 sin(x - 0.54) Convert to RADIANS by multiplying by 7 and

dividing by 180. Only exact value radians are

left as a fraction of w. Alternatively change
your calculator to radians before doing INV
tan but remember to change it back after!!!

3. Write 4cosx — 5sinx in the form ksin(x — a)° where 0 < a < 360°

ksin(x + «)° = ksinxcosa + kcosxsina
4c0osx — 5sinx

_Bsinx + 4cosx Rearrange to match the expansion.

S0 kcosa = -5 and ksino = 4

k =/(=5)2 + 42 Tana = — NI

s | A

k=+v25+ 16 a=tan‘1(—§)

k = i1 o« = 180 - 38.66° J c
a = 141.34° Hence o is in

2" quadrant
So 4cosx — 5sinx = V41 sin(x — 141.34)°

Never put a negative
Trig ratio into your

calculator — use the
CAST diagram!!




4. Write —/3c0s2x — 2sin2x in the form kcos(2x + a)° where 0 < a < 360°

kcos(2x + a)° =  kcos2xcosa - ksin2xsina
—2sin2x —v/3c0s2x
—+/3c0s2x — 2sin2x

so kcosa = —/3 and ksina = 2

k= /(—\/5)2 + 22 Tana = % \ls\l \,IA

_ — -1_ 2

k=+v3+4 a =tan " ( \/g) - c

k=47 o = 180 -49.11° \
Hence « is in

130.89°

a 3" quadrant

So —/3c0s2x — 2sin2x = /7 sin(2x + 130.89)°

Now attempt Exercise 1 from the Wave Function booklet.




Maximum and Minimum Values:

= Remember that y = sinx® and y = cosx® have a Maximum of 1 and a Minimum of —1.

= We can find the Max/Min values of expressions in the form acosx® + bsinx® by firstly
converting them into a single trig expression in the form: y = kcos(x = a)° or y =ksin(x + a)°.

Examples:

5. a) Write 4sinx — cosx in the form kcos(x — a)° where 0 < a < 360°

kcos(x —a)° = kcosxcosa + ksinxsina
—COSX + 4sinx

s0 kcosa = -1 and ksina = 4

k=,(=1)%+42 Tana=_i1 NV

S A
k=+v1+16 a = tan"1(—4)
k=+17 o = 180 — 75.96° T | C
o = 104.04° v o
Hence a is in

2nd d t
So 4sinx —cosx = V17 cos(x — 104.04)° quadran

b) State the maximum and minimum values and the corresponding values of x.

Max/Min values of cosx from the graph is 1 & —1 respectively
So Max = v17 and Min= —V17

Maximum occurs when: cos(x — 104.04)° = 1
X —104.04° = 0° or 360°
x = 104.04° or 46467
x = 104.04°

Minimum occurs when:  cos(x — 104.04)°

,1 /
x—104.04° = 180°

284.04°

X

Now attempt Exercise 2 from the Wave Function booklet.



Solving Equations:

= The wave function can be used to solve equations in the form acos(nx)° + bsin(nx)° by first
converting it into a single trig expression in the form: y = kcos(x = a)° or y = ksin(x + a)°.

Examples:

6. Solve 5cosx + sinx = 2 where 0 < <180°

ksin(x + )° = ksinxcosa + kcosxsine e
. the same sign in the middle
5cosx + sinx
sinx + 5cosx
S0 kcosa = 1 and ksina = 5
Vo
S A
k =+52%2+ 12 Tanazi
k=+v25+1 a=tan 15 T C
k =+/26 o = 78.69° \
Hence a is in

So 5cosx + sinx = /26 cos(x — 78.69)°

1t quadrant

So 5cosx+sinx = 2 = +/26sin(x + 78.69)° = 2
. o _ 2
J J sin(x + 78.69)° = Nor
2 solutions per X, S A X+ 78.69° = sin~! (-2
use the CAST R ‘ st (\/2_6)
diagram to find g X+ 78.69° = 23.09° or 180 + 23.09°
the related angle. T C X+ 78.69° = 23.09° or 203.09°

X = -55.6° or 124.4°

X = 3044° or 124.4°

X = 124.4°

Outwith

range




7. Solve 2c0s2x —3sin2x = 1 where 0 <a <2z

kcos(2x + a)° =  kcos2xcosa — ksin2xsina
2C0S2X — 3sin2x

S0 kcoso = 2 and ksina = 3 \ N
; S | A
k =+22+32 Tana = 5
k=v4+9 a = tan~1(1.5) T | C
— = ° -\/
k =+13 a = 56.31 Hence o is in

1t quadrant
So 2c0s2x — 3sin2x = /13 cos(2x + 56.31)°

So 2c0s2x — 3sin2x = /13 cos(2x + 0.984)°

So 2c0s2x —3sin2x = 1 = /13 cos(2x + 56.31)°= 1

o — 1 2 solutions per X,
\ cos(2x + 56.31)° = Vi3 since 2x there
S A o _ (1 are 4 solutions
2x +56.31° = cos ( m)
T C 2X +56.31° = 73.9° or 360—-73.9°
\ 2X +56.31° = 73.9° or 286.1° or 433.9° or 646.1°

2x = 17.59°, 229.79°, 377.59°, 589.79°

Convert to RADIANS by multiplying by = and x = 8.80°. 114.90°. 188.80°. 294.90°
dividing by 180. Only exact value radians are - ’ ' ’ )
left as a fraction of . Alternatively change > x= 0.154, 2.005, 3.30, 5.147 radians

your calculator to radians before doing INV
tan but remember to change it back after!!!

Now attempt Exercise 3 from the Wave Function booklet.




Sketching Graphs:

= You may also be asked to Draw the Graph of an equation in the form y = acos(nx)° + bsin(nx)°
by first converting it into a single trig expression.

= We saw earlier in the course how to sketch Trig Graphs.

Examples:

8. Sketch the graph of the trig equation y = +/3sin2x + cos2x where 0 < & < 360°

ksin(2x + @)° = ksin2xcosa + kcos2xsina
\/3sin2x + cos2x

s0 kcosa = V3 and ksina = 1 N NN
S A
2 1
k = (\/§) + 12 Tana = N -|- -
_ — tan—1(L
k=v3+1 a = tan (\/5) N
k=+4= o = 30° Hence « is in

1%t quadrant
So  /3sin2x + cos2x = 2sin(2x + 30)°

So the Graph of y = 2sin(2x + 30)°

Now attempt Exercise 4 - 6 from the Wave Function booklet.



