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SPTA Mathematics - Higher Notes <o

= Integration is the reverse of Differentiation and is sometimes known as the Anti-Derivative.

»  The symbol, , is used to represent Integration and is always used in conjunction with dx
meaning “with respect to x

n+1

ax
» [fax™dx =
n+1

+ ¢ where c is the Constant of Integration.

= Integrals that include the Constant of Integration are known as INDEFINITE INTEGRALS.

= The Integral of a constant, k, is kx.

Examples:

1. Integrate the following:

a) [10x*dx b) [5m~%dm ¢) [7dx
5 -1
=105x =5T1 =7x+c
=2x>+c¢ =-5m'+c
d) fp3/2dp e) [(Bx*—4x3+5)dx <—
5/2 35 4_4
_pr’2 — X 2
=5, =~ " + 5x
5/ s
:2p52+c :%—x4+5x+c

Now attempt Exercise 1 from the Integration booklet




= Prior to Integrating a function the following must be true:
o All brackets should be multiplied out.

o Roots need to be changed to powers: "Vx™ = x"/m

o X cannot appear in the denominator of a fraction: bxin = %x‘”

= After Integrating it is good practice to return the expression to the form the question gave it in.

Examples:

2. Integrate the following:

37 2 ax
a) [Va*da c) [izdx b) o5
4 2 _ 1
[a*/3da JSx~*dx J o5 dx «—
7/3 2 -3
=—C; =ZxI_ [=x3dx
/3 3 -3
3¥a7 2x~3 1 x~2
= oy = =Ixi
7 -9 57 -
2 x? 1
= +c = —— = c
—9x3 10 10x2
2x*—6x Vn+3
c) J=—dx d) J—dn
[ =g f—nl/z—idn Do
5 5 n2 n2
5 2
=i _SyX [n=2 = 3n~2dn
575 57 2
2x°  6x2 n /2 3p-1
25 10 ST,
2x5  3x2 -2 3
== _-Z 4¢ = +-
25 5 n/2 n
-2 3
= \/_ﬁ+;+ c

Now attempt Exercise 2 from the Integration booklet



Definite Inteqrals:

= All the above examples where Indefinite Integrals as they contained the Constant of Integration, c.
= A definite Integral gives a specific solution based on 2 boundary values, called Limits.
= To find a Definite Integral we do the following

o Find the Integral as normal but miss out the + ¢

o Sub in the Upper Limit and calculate the Integrals value.

o Sub in the Lower Limit and calculate the Integrals value.

o Subtract the 2 answers to find the Definite Integral value.
= This can be written as:  If F(X) is the integral of a function f(x) then f: f(x)dx = F(b) — F(a)

= The Constant of Integration, c, is not included when calculating Definite Integrals as they cancel out!

= Before substituting in a value for x:

. . . a__n a
o Express all negative powers as positive powers: —x~" = —

o Express all fractional powers as roots: ax /m = a™{/x"

Examples:

3. Evaluate these Definite Integrals:

a) [ 4x? dx b) J°,(x®+3x?) dx

5 0
4x3 x*  3x3
= L——] = P—-F——ﬁ
3 14 4 312

== () — =[F+ae],
=50 =5+ 300 - (SF+3027°)
= =0-(F-2)
=0—(4—-24)
=0—(-20)

=20



22 ax

-1 xS

f_31 3x7° dx
- [T,

3 3
- [_ 4x% -1

N 4(2)4 B (_ 4(—31)4)

108 108
80

108
20
27
20
27

Find the value of a: ["(1 + 2x) dx = 4

2x271%
=[x+—
2 14

=[x + x?]¢

=a+a’-(1+1%

=a’+a-—2

So a’+a—-2=4
a*+a—-6=0
(a+3)(a—-2)=0

Can only be 2 as it’s

a= &a=2 the upper limit and
the lower limit is 1.
Soa=2




Area Under a Curve:

One interpretation of Definite Integrals is finding the Area under a Curve.

It actually finds the Area enclosed by the Graph, between 2 Limits and the x-axis.

So for the Graph opposite the Shaded Area would be given by: A he i
r=4-x

Area = f02(4—x2) dx

—2 0O o x

If you aren’t told the units then put units? at the end.

Examples:

5. Find the shaded area above:
Area = f02(4 —x2) dx

%312

==,

-1 -2 - 1 -2)
=8-3-(0)

_ 24 8

3 3

16 .
== units?

6. a) Find the shaded area shown in this graph:

Area = f04(4x — x?) dx

4

. [4x2 x3]
2 31p

o

=207 = 5= (2000 - 5)

Now attempt Exercise 3A/B from the Integration booklet



96 64
3 3

32 )
== units?

b) For the curve above find the total area under the curve between x =0 & x = 5:

Area = [Zx2 - ?]2

=257 -5 (207 - %)

125

ZSO_T_(O)
_1s0_12s
T3 3

25 .
=~ units <«

Area Under a Curve — a Note of Caution!!:

= Areas above the x-axis will be Positive, and Areas below the x-axis will be Negative.

= |f part of the required area is above and part below the x-axis then these areas must be
calculated separately and then added, ignoring any negative signs!!

= [ et’s find the area under the curve above between X =4 & x =5:

Area = [sz - x—;]i

53

=297 -5 - (2= %)

=50-2-(32-2)

. 7 .
Since an area = 3 units? —<€—

= So the total area under the curve above between x =0 & x =5 will be:

32 7
Total area = > + 3



39

3

= 13 units?



Examples:

7. Find the shaded area shown here: Ya

Limits of Integration: —x?—4x+5= 0
—(x*4+4x—-5)=0

(x—1Dx+5)=0 \
x—1=0orx+5=0 :2 >
x=1 & x=-5 /I I\ x

Area = f_ls(—x2 —4x +5) dx

[—£—£+ 596]1
3 2 -5

1

= [—’;—3— 2x% + 5x]_5

= - 22 +501) - (- L - 2(=5)* +5(-5))

=—2-2+5-(-(=2)-50-25)

1 125
=—3+3-(5-75)

1 9 125 225
=+ (5-%)
:E_(_ﬂ) =22 = 36 units?

3 3 3

2
Area=[—§—2x2+5x]
1
__@_ 2 _ _@_ 2
=-2 20222 +5(2) ( ; 2(1)+5(1))
8

=-2-8+10—(-3-2+5)

=-2+2-(-3+3)

8 6 1 9
=-3+3-(=5+3)
2 8
T 373
10
Y
=? units2 TotaIArea:%+%=%or39§ units?

Now attempt Exercise 4 from the Integration booklet




Area Between 2 Curves: Va

y=glx)

= The Area between 2 Curves is given by: \
b b
f f(x) —g(x)dx or f (upper curve — lower curve) dx
a a i i
A | | -
I | "'_1.

= The Limits, a and b, are normally the points of intersection / d fr \y = f(x)

of the 2 curves found by equating the 2 curves, i.e. f(X) = g(x)
= You may need to use Synthetic Division to find the Limits.
= Areas above/below the x-axis do NOT need to be found separately here!

= |f the curves swap positions (upper becomes lower & vice versa) then these areas need
to be found separately and then added together.

Examples:
8. Find the shaded area shown here: ;h\\}l: 6—3x"
Limits of Integration: 6 — 3x% = —3 — 2x? "x
9—x2=0
B—-x)B3+x)=0
3—x=0o0or3+x=0 )
x=3 & x=-3 y=—3-2x"

Area = f_339—x2 dx <+

3
X

-3,

o (- 2)

=27-9—-(-27+9)
=18 — (—18)

= 36 units?



9. Find the shaded area enclosed by Ty
f(x) =x3—7x%+8x + 16 and g(x) = 4x + 4:

Limits of Integration:

x3—7x*+8x+16 =4x+ 4
x3—7x*+4x+12=0

= Find areas
2 1 7 4 12 =/ ) seperately!

Synthetic l
Division to 2 10 -12
solve a cubic 1 5 _6 0
with factors
of 12 Hence, x3—7x2+4x+12=0

= (x—2)(x?—-5x—-6)=0
= x—-2)x—-6)x+1)=0

= x=-1,2,6

Since Remainder =0 (x —2) is a factor.

Area = f_21x3 — 7x% + 8x + 16 — (4x + 4) dx

= f_21x3 —7x* +4x + 12 dx

= [2—4 —?+ 2x? + 129c]i1

_@* 7(2)
I

+2(2)? +12(2) — Cj) 7(1)+2(1)2+12( n)

_§——+8+24 G-F+2-12)

=36-5—(;+5-10)

—46-_S_1
3 4
—46—21—1
4
=25-=
4
_100 1
T4 4

99

T4

3.
=24 " units?



Area = f264x +4—(x3—7x%>+8x +16) dx

= f; —x3 + 7x% —4x — 12 dx
x* | 7«83 6

= [~ + 5 - 2% - 124
4 3 2

__© 7O 562 (@ 7@ 5oz
= ———+———2(6)* — 12(6) ( —+———22) 12(2))

=24 22 72-72 - (—4+2 -8 24)
4 3 3

= —324 + 504 — 144 — (—4 +Z— 32)

56
=72 ——
3
_ 216 56
T3 3

160 1 ,
=— = 53> units?
3 3

160 99

Total Area =—+—
3 4

_ 640 , 297

T 12 12

937
T 12

— 78> units?
12

10. A farmer is thinking of buying a new water trough for his cows.

His old trough holds 600 litres of water and he wants a new one
which will hold at least this amount of water.

The trough is 3 metres long and the cross-section is made up
of a Parabola, y = x2 — 7x + 11 cutoffby the liney=5. _

1 unit = 10cm.
Should the farmer buy this new trough?

Limits of Integration: A y=x%—7x+11
5=x2—-7x+11
—x*2+7x—-6=0
\

—(x*-7x+6)=0

(x—Dx-6)=0 y=5
x—1=0o0orx—6=0

x=1lorx=6

=Y

O



Area = ff—xz +7x — 6 dx
3 6
= [—x—+zx2 —6x]
3 2 1
3 3
= -2 +2(6) - 6(6) - (- F+ (1 - 6(D))

3 3

=-224126-36—(—3+2-6)
=-72+90- (=242 -
10 (-2

108 ( 17)
T 6 6

125

6

= 202 units? 1 unit = 10cm so 1 unit? = 100cm?
= 202 x 100 cm?

= 2083§ cm?

So Volume = 2083 § X 300
= 625000 cm3 1cm3 = 1ml so 1000cm3 = 1 Litre

= 625 Litres
So the farmer should buy this trough as 625 > 600 Litres.

Now attempt Exercise 5 from the Integration booklet




Differential Equations:

= Remember that Integration is the reverse of Differentiation.
= A Differential Equation is any equation which contains Z—z or f'(x) e.g. Z—i =4x—5
= In Higher we only consider first order differential equations.

» To solve a Differential Equation we Integrate to find the General Solution which involves +c

=  With more information, such as a point we can find the Particular Solution not involving c.

Examples:

11. a) Find the Particular solution for the differential equation above if it passes through (2 , 5):

Z—i=3x—5 = y=[4x—5dx

= y=2x>—-5x+c <—]

When x=2,y=5 = 5=2(2)2-5(2)+¢
= 5=8-10+c
= 5=-2+c¢
= c=7
= y=2x2—-5x+7 +—

b) A function, f, defined on a suitable domain such that f'(x) = x3 — x_12 + 3.
Given that f(2) = 7 find f(x) in terms of x

f)=x*-%+3 = f()=[x—5+3dx
= f(x)=[x>—x"2+3dx
= f(x)=x;+x‘1+3x+c
x*t 1
= f(x)==—4+-+3x+c
4 X
— — @* 1
When x=2,1(2)=7 :>7:T+E+3(2)+C

U

T=4+-+6+c

N 7=10§+c

1 xt 1 1
= C——3E$f(X)—Z+;+3X—3E

Now attempt Exercise 6 — 8 from the Integration booklet




