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Higher Mathematics Differentiation

10 Differentiating sinx and cosx RC

In order to differentiate expressions involving trigonometric functions, we use
the following rules:

I %(sinx)=cosx, %(Cosx)z—sinx.

These rules only work when x is an angle measured in radians. A form of these
rules is given in the exam.

‘ 1. Differentiate y =3sinx with respect to x.

QZSCOSX.
dx

2. A function f is defined by f'(x)=sinx—2cosx for xeR.

Find f'(%).

f'(x)zcosx—(—2sinx) Remember
= cosx + 2sin x The exact value triangle:
i i - T inZk
f(a)—coss+2sm3 5
3 3

| 3. Find the equation of the tangent to the curve y=sinx when x=¢.

When x=%, y =sin(%)=%. So the point is (%, %)

We also need the gradient at the point where x =%

c:
d)
2~ cosx.
x
When x =%, 7,00 = cos(%) = g
Now we have the point (%, %) and the gradient ., = g , SO
y—b=m(x—a)
1_3
y-3=%5{x-%)
2y-1=x-%
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11 The Chain Rule RC

We will now look at how to differentiate composite functions, such as

f ( g(x)) If the functions f and g are defined on suitable domains, then
| AL £ ()= Fg(N)xg ().

Stated simply: differentiate the outer functions, the bracket stays the same,
then multiply by the derivative of the bracket.

This is called the chain rule. You will need to remember it for the exam.

‘ Ify:cos(5x+%), find %

y= cos(Sx + %)
Note

ﬂz—sin(5x+l)><5 The “x5" comes from

dx 6 d ox+ L

_ . T dx( 5 6)’
——551n(5x+z).

12 Special Cases of the Chain Rule RC

We will now look at how the chain rule can be applied to particular types of
expression.

Powers of a Function

. n .
For expressions of the form [ f(x)]", where 7 is a constant, we can use a

simpler version of the chain rule:

I %[(f(x))n] =n[f(x)]”_1 x f(x).

Stated simply: the power (7) multiplies to the front, the bracket stays the
same, the power lowers by one (giving 7 —1) and everything is multiplied by

the derivative of the bracket ( f '(x))
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1. A function f is defined on a suitable domain by f(x)=+/2x" +3x.
Find f'(x).
F(x)=~2x"+3x = (2962 +3x)5
f(x)=

:

Nop—

2x + Sx)_ X (4x + 3)

D= =
—_

4x + 3)(2x2 + 3x)_%
4x+3

242x° +3x .

. . . 4 .
2. Differentiate y =2sin" x with respect to x.

Y= 2sin x = 2(sinx)4
a
4 _ 2 X 4(sinx)3 X COS X
dx

= 8sin’ x cos x.

Powers of a Linear Function

The rule for differentiating an expression of the form (ﬂx - b)n, where a, b

and 7 are constants, is as follows:

| A (ax+6) ] = an(ax+5)"".

dx
‘ 3. Differentiate y =(5x+2)’ with respect to x.
y=5x+ 2)3

j—yza(sxu)zxs

X

=15(5x+2)".
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41 y=—L _ nd 2.
(2x+6) dx
L (axee)”
! (2x+6)3
ﬂ=—3(2x+6)_4x2
X
=—6(2x+6)"
____ 6
(2x+6)4.

| 5. A function f is defined by f(x)=3/(3x—2)* for xeR.Find f'(x).

F(x)=R/(3x-2)" =(3x-2)"
4

Trigonometric Functions

The following rules can be used to differentiate trigonometric functions.
I %[sin(ax +6) |=acos(ax+b), %[cos(ax +6) |=—asin(ax +b).

These are given in the exam.

‘ 6. Differentiate y =sin(9x + ) with respect to x.

j—y=9cos(9x+7r).

X
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8 Integrating sinx and cosx RC

We know the derivatives of sinx and cosx, so it follows that the integrals are:
I Icosx dx =sinx +c, Isinx dx =—cosx +c.

Again, these results only hold if x is measured in radians.

1. Find I(5sinx+2cosx) dx .

j(Ssinx+2cosx) dx =—-5cosx +2sinx+c.

2. Find (4cosx+2sinx) dx .

(=) '.—.,,N;\

4cosx+2sinx dx = [4sinx—2cosx]§

=R L G

= [4 sin(%) - ZCOS(%)] — [4 sin0 — 2 cos 0]

_ 1 1
_|:(4Xf)_(2xﬁ):|_[_2] Note
It is good practice to
= % - % +2 rationalise the
denominator.
(2,2
=($x%)+2
= \/5 + 2.
4
3. Find the value of I%sinx dx .
0
4 . .
E[jsmx dx = [_TCOS x] Remember
We must use radians
_ 1 1
- _7C05(4)+7COS(0) when integrating of
_1 differentiatin
= 7(0654 + 1) g

trigonometric functions.

)

-827 (to 3 d.p.)
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9 A Special Integral RC
The method for integrating an expression of the form (ax +4)" is:
n+l
j(ﬂx+b)ﬂ M=M+c, where 2#0 and n#—1.
a(n+1)

Stated simply: raise the power (7) by one, divide by the new power and also
divide by the derivative of the bracket (2(7+1)), add «.

1. Find [(x+4)" dx.

| 2. Find I(2x+3)2 dx .

(2x+3)3
3Ix2
(2x+3)3

= +c.
6

j(2x+3)2 dx = +c

‘ 3. Find J%/S;T9 dx where x;t—%.

=

= J.(5x + 9)_% dx
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3
4. Evaluate !;\/3x+4 dx where xz—%.

3 3

j\/Sx +4 dx = I(3x + 4)% dx
0 0
_ 3 3
B (3x + 4)2
=| 5
23
12 (3x + 4)
- 9 Note
L 0 Changing powers back
3 3 to roots here makes it
_ 2 (3(3)+4) _ ” (3(O)+4) easier to evaluate the
B 9 9 two brackets.
- Remember
= 2913° — 2\/4—3 To evaluate V4’ , itis
9 9 easier to work out v/4
=%(\/BS —8) (or 8:638 to 3 d.p.). frst
Warning

Make sure you don’t confuse differentiation and integration — this could lose
you a lot of marks in the exam.

Remember the following rules for differentiation and integrating expressions
of the form (ax+6)":

%[(ax =S b)”] = an(ax + b)”_l ;

: _(dx-l-b)nﬂ
j(ﬂx+b) oix——ﬂ(}ﬁ_l) +

c.

These rules will 7oz be given in the exam.
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Using Differentiation to Integrate

Recall that integration is the process of undoing differentiation. So if we

differentiate f(x) to get g(x) then we know that Jg(x) dx = f(x)+c.

5. (a) Differentiate y = (3;1)4 with respect to x.
5 —

(b) Hence, or otherwise, find J;S dx .
(3x—1)

5 4
(@ y=—>=5(3x-1
Y _ 5x3x(—4)(3x 1)
dx
___ 60
(3x — 1)5 '
60
(b) From part (a) we know J— - dx = ~+c. So:
(3x—1) (3x—1)
—60 ;15 &ZX = ;14 +c
Y (3x B ) (3x - ) Note
( 1 " 1 [ 5 J We could also have used
s ax=—7gs| T t¢ he special integral to
5 60 4 the sp 8
J (3x - 1) (3x - 1) obrtain this answer.
= —;4 +¢,  where ¢, is some constant.
12(3x—1)
: : 1 .
6. (a) Differentiate y = W with respect to x.
x” =1
x2
dx .
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15x° 1
(b) From part (a) we know | — ox = dx = ——5 +¢. So:
T
f 2
1
-15 al cdx= s+c
) (x3 —1) (x3 —1) Note
In this case, the special
( 2 1 integral cannot be used.
X e
; ¢ ax =15 ; 5 +c
T R ey
1 .
=———————=+¢, wherec, is some constant.
15(x" -1
10 Integrating sin(ax + b) and cos(ax + b) RC

Since we know the derivatives of sin(ax + b) and cos(ﬂx + b) , it follows that

the integrals are:
jcos(ﬂx+é) dngsin(ax+b)+c,
Isin(ﬂx+b) dx ==L cos(ax+b)+c.

These are given in the exam.

‘ 1. Find Isin(4x+1) dx .

_[sin(4x+1) dx = —%cos(4x+1)+c.

| 2. Find jcos(%x+%) dx .

jcos(%x-k%) dx =%sin(%x+%)+c.

1
3. Find the value of _[cos(Zx — 5) dx .
0

jcos(2x —5)dx = [%sin(2x — 5)1
0

Remember
=%sin(—3)—%sin(—5). We must use radians
) when integrating or
:7(_0'141 —0'959) differentiating

=-0-55 (to 2 d.p.). trigonometric functions.
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4. Find the area enclosed be the graph of y = sin(3x + %) , the x-axis, and

the lines x =0 and xz%.
-ylk

sin(3x+%) dx = —%cos 3x+%>]

o —— o

=| —x%COS
GRCIRES
1,3
6 ©
1443
13,

1++/3
6

So the area is square units.

| 5. Find j2cos(%x—3) dx .
J2cos(%x—3) dxz%sin(%x—S)ch

= 4sin(%x—3)+c

| 6. Find chos(2x)+sin(x—\/§) dx .
chos(Zx)+sin(x—\/§) dx =%sin(2x)—cos(x—\/§)+c
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7. (a) Differentiate with respect to x.

Cos X
tan x
(b) Hence find f dx .
cosx
1 -1 1 ) .
(a) =(cosx) , and di(cosx) = —l(cosx) X —sin x
Cos X X .
_ sinx
—.
cos” x
b) tanx 2 sinx
- =—
COSX COSX COS X
sinx 1
From part (a) we know —dx = +c.
cos” x Cos X

tan x 1

Therefore j dx = +c.

COS X COS X

Integration



